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Abstract. Let fc be a number field, let C be a smooth, projective and geometri- 
cally integral fc-curve and let tt: X ^ C be a Severi-Brauer fibration of squarefree 
index. Various authors have studied the cokernel of the natural map CHq{X/C) — » 
©^Ci?o(X„/C„), where CHoiX/C) = Ker[7r,: CHo(X) ^ CHo(C)]. In this pa- 
per we study the kernel of the above map and find sufficient conditions for it to agree 
with the Tate-Shafarevich group of the Neron-Severi torus of X. 



0. Introduction. 

Let fc be a number field, let C be a smooth, projective and geometrically integral 
fc-curve and let tt: X ^ C be a Severi-Brauer fibration of squarefree index. In 
the case that C = and X ^ C is a. conic bundle, J.-L.Colliot-Thelene and 
J.-J.Sansuc conjectured in 1981 [2] the existence of an exact sequence of torsion 
groups 

^ m^(r) ^ Ao{X) ^ Ao(X„) ^ Hom(i7Xfc,NS(X)) ,Q/Z) , (1) 



where T is the Neron-Severi torus of X and Ao{X) is the group of rational equiva- 
lence classes of 0-cycles of degree zero on X. This conjecture was proved in 1988 by 
P.Salberger, in his remarkable paper [10]. Then, in 1999 [3], J.-L.CoUiot-Thelene 
partially extended Salberger's proof to conic bundles X ~> C over a curve C of ar- 
bitrary genus. Under certain extra assumptions which turn out to be unnecessary, 
this author obtained an exact sequence of torsion groups 

CHo{X/C) CHoiXy/C^) Hom(BrX/BrC,Q/Z), 



where CHo{X/C) = Ker[7r, : CHo{X) Cffo(C)] is the relative 0-th Chow group 
of the fibration X C. On the other hand, in his 1990 ICM talk [1], S.Bloch put 
forth a general conjecture which, in the case of conic bundles over a curve C, asserts 
the equality of the groups 



mCHaiX/C) = Ker 



CHo{X/C) J] CHo{X,/Cy) 
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and III'^(T). This direct generalization of part of Salberger's result was shown to 
be incorrect by V.Suresh in his 1997 paper [11]. This author produced an exam- 
ple of a conic bundle over an elliptic curve over for which Ill^(r) = but 
mCHoiX/C) + 0. 

In this paper we study the group inCHo(^/C) for an arbitrary Severi-Brauer 
fibration X ^ C oi squarefree index. Our main result is the following. 

Theorem 0.1. Let k be a number field, let X ^ C be a Severi-Brauer k-fibration 

of squarefree index and let $ : CHq(X/C) H^{k,T) be the characteristic map of 
X — *■ C, where T is the Neron-Severi torus of X. Then there exists a natural exact 
sequence 

^ m(Ker$) ^ mCHQ{X/C) m\T) 0. 

In Section 2 we use a well-known Hasse-principle theorem due to K.Kato to 

obtain the following corollary of Theorem 0.1. 

Corollary 0.2. Let k be a number field and let X —> C be a Severi-Brauer k- 
fibration of squarefree index n. Assume that the following conditions hold: 

i) either k is totally imaginary or n is odd, and 

ii) C acquires good reduction at all primes over an extension of k of degree 
prime to n. 

Then there exists a canonical isomorphism 

mcHo{x/c) = ui\t), 

where T is the Neron-Severi torus of X . 

The key ingredient of the proof of Theorem 0.1 is an approximation lemma of 
E.Frossard [7, Lemma 3.3]. This fundamental result is used in the proofs of Lemmas 
2.1 and 2.3 below, which form the technical center of the paper. These lemmas, 
together with some elementary homological algebra, yield Theorem 0.1 above. 

Combining Corollary 0.2 and [7, Theorem 0.4], we obtain the following result. 

Corollary 0.3. Let the hypotheses and notations be as in the statement of Corol- 
lary 0.2. Then there exists a natural exact sequence of torsion groups 

^ m\T) CHq{X/C) -> CHQ{X^/Cy) Hom(BrX/BrC,Q/Z). 

V 

We also obtain the following theorem, which generalizes Salberger's exact se- 
quence (1)^ 

Theorem 0.4. Let k be a number field and let X ^ be a Severi-Brauer k- 
fibration of squarefree index. Assume that X{ky) ^ for every real prime v of k. 
Then there exists a natural exact sequence 

^ m\T) ^ Ao{X) ^ 0^o(^^) ^ Hom{H\k,m{X)) ,Q/Z) , 

V 

where T is the Neron-Severi torus of X. □ 

^Suresh's base curve has multiplicative reduction at 3 and 7, so neither of the hypotheses of 
Corollary 0.2 is satisfied in his example. 

^This result must be familiar to all specialists in this area. See Remark 4.9 of [5], where the 
existence of such an exact sequence is suggested (but not formally stated). 
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1. Preliminaries. 

Let fc be a field, fix a separable closure k of k and let F = Gal(A;//c). If M is 
a discrete and continuous r'-module, the i-th r'-cohomology group of M will be 
denoted by H^{k,M). Now assume that fc is a number field. For each prime v of 
k, we will write ky for the completion of fc at We define 



mXM) = Ker 



H\k,M)~^'[lWik,,M) 



all V 



where the map involved is the natural localization map. 

Now let X be a smooth, projective and geometrically integral fc-variety. We 
will write X for the fc-variety X (S)k k, k{X) (rcsp. k{X)) for the field of rational 
functions on X (rcsp. X) and NS(X) for the Neron-Severi group of X. In addition, 
the group of 0-cycles on X will be denoted by Zo{X) and CHq{X) will denote its 
quotient by rational equivalence. Further, we will write Ao{X) for the kernel of 
the degree map deg : CHo{X) Z and, for each prime v of k, Xy will denote the 
fc„-varicty X (E)k k^. 

Let C be a smooth, projective and geometrically integral fc-curve and let X C 
be a Severi-Brauer fc-fibration, i.e., X is a smooth, projective and geometrically 
integral /c- variety equipped with a proper and dominant fc-morphism tt: X — > C 
whose generic fiber Xj^ = X Xc Specfc(C) is a Severi-Brauer fc(C)-variety. 

Given a central simple fc(C)-algebra A, there exists an Artin model X of A 
over C [6]. Thus X is a smooth, projective and geometrically integral A;- variety 
equipped with a proper and dominant /c-morphism tt : X — » C whose generic fiber 
X^ = X Xc Specfc(C) is the Severi-Brauer fc(C)-variety associated to A. We will 
write X-r, ) for the generic fiber of 7f: X ^ C. Note that, since k{C) is a Ci— field, 



■^k(ri) ^ projective space and therefore PicX 



Z. The index of such a 



fibration is defined to be the index of A, i.e., the minimum degree of all extensions 
of k{C) which split A or, equivalently, the least positive degree of a 0-cycle on X^. 
We are interested in the group 



mCHo(X) = Ker 



CHo{X)^l[CHoiXy) 



(2) 



Set 



CHo{X/C) = Ker [tt* : CHo{X) ^ CHq{C)] . 



Since the map CHq{C) Yi CHq{Cv) may be identified with the map PicC 
nPicC„, which is injective (see, e.g., [4], Proposition 1.1, p. 3), we have 



UICHo{X) = UICHo{X/C) , 
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where 



mCHo{X/C) = Ker 



CHoiX/C) ^ n CHoiX^/C,) 



(3) 



Thus the study of (2) is reduced to the study of (3). Assume now that X ^ C 
has squarefree index. Then (2) (and hence also (3)) is a finite group [6, Theoreme 
4.7]. Further, CHo{Xy/Cv) is zero for all but finitely many primes v oi k [op.cit., 
Theoreme 4.8]. We will write S for the set of primes v oik such that CHo{Xy/Cy) ^ 
0. 

We now observe that, in studying the group (3), we may restrict our attention 
to the chosen model X ^ C oi A, for ii X' — > C is an arbitrary Severi-Brauer 
fc-fibration whose generic fiber corresponds to A, then X' — > C is birationally 
equivalent to X over C (as follows from [EGA IV, 8.8.2.5]), and the Chow group 
of dimension zero is a birational invariant of smooth projective varieties (see [8, 
16.1.11, p. 312], and note that the proof given there holds over any field). 

We now write Co for the set of closed points of C. For each P G Co, with residue 
field k{P), we let Xp = X Xc Specfc(P) be the fiber of tt over P. We will write 
V = {Pi}i^j for the finite set of closed points of C for which the fiber Xp is singular 
(i.e., not geometrically integral). Further, for each i G I, we will write ki for k{Pi). 
For each P G Co, there exists a natural residue homomorphism 

resp: H'^{k{C),Hn) ^ H^{k{P),Z/nZ) = Hom(Gal(fc/A;(P)) , Z/nZ) , 

where n is the index of A (see [6, pp.205-206]). The algebra A defines an element 

of H'^{k{C), fin) and, for each i G /, we will write Li for the cyclic extension of 
ki determined by the residue res p. (A), i.e., Lj is the fixed field of the kernel of 
resp(^). Let E = Uieif^h F = Wi^jU, Ni = NL,/k, and N = Np/E- The 
quotient of E* /NF* = Hie/ K /^i^* by the image of the diagonal map k* E* 
win be denoted by E*/k*NF*. Clearly, E*/k*NF* is annihilated by n. Now, for 
each prime v oik (and each i G /), we will write ki^v (resp. Li^y, Ey, Fy) for ki®kkv 
(resp. Li ®k ky, E ®k ky, F ky). Further, Ay will denote A^k(C) ky{C). There 
exists a natural exact sequence 

Bi -» ^2 © Z ^ NS(X) Z ^ 0, (4) 

where the map NS(X) ^ Z is given by restricting divisors to the generic fiber, 
i?i is the free group on the closed points y oi C for which the fiber of tt over y, 
Xy = X x-fj Spec k(y), is singular, B2 C DivX is the free abelian group on the 
irreducible components of the singular fibers of tt and the map i?i ^ _B2 © Z is 
induced hy y ^ (Xy, -l) (see [6, p.201] and note that 7f*Pic°C = Pic°X [7]). The 
groups Bi and B2 are isomorphic to 0-^^ Z[Gal(A:i/fc)] and 0-^^ Z[Gal(Li/fc)], 
respectively. It is not difiicult to check that (i?2ffiZ)/i3i is torsion-free. Let To 
denote the fc-torus corresponding to {B2 © Z)/i?i , and let T be the Neron-Severi 
torus of X. Then there exists a natural isomorphism 

6: E*/k*NF* H\k,To). (5) 

See [6, Lemma 3.5] . Further, (4) induces a natural exact sequence 

^ H^{k, T) H\k, To) Brfc. 
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A similar exact sequence exists over ky for every prime v of k, and we have a natural 
exact commutative diagram 

> H\k,T) y H\k,To) > Brfc 



> ®H\K,T) > ^H\ky,To) > ©Brfc,, 

V V V 

where the direct sums extend over all primes v oi k. Now the commutativity of the 
above diagram and the classical Brauer-Hasse-Noether theorem yield 

Lemma 1.1. There exists a canonical isomorphism III^(T) = III^(To). 

Recall that III^(T) is a birational invariant of X. 

We will need the following definition. 

Definition. The group of divisorial norms, denoted k{C)^^, is the subgroup of 

k{C)* consisting of functions which, at every point P of C, can be written as 
the product of a unit at P by an element of the reduced norm group Nrd^*. 
Equivalently 

fc(C)an = {/ G k{CT : dive/ G 7r.(Zo(X))}. 

There exists a canonical isomorphism 

*: CJfoWC) ^ fc(C)J„/FNrdA* (6) 

which maps a cycle z £ CHq{X/C) to the function / (defined up to multiplication 
by a constant) such that dive/ = 7r*(z). See [6, p. 98]. Now, by evaluating functions 
at the points of V, one obtains a natural "specialization map" 

7: k{C)*iJk*^vdA* E*/k*NF*, (7) 

and E.Frossard [6] has defined a "characteristic" map 

$0: CHo{X/C) ^ H\k,To). (8) 

These functions (5)-(8) fit into a natural commutative diagram 

CHo{X/C) k{C)lJk*NvdA* 

3>o 7 (9) 

H'^{k,To) ^ — E*/k*NF*. 

See [6, Proposition 3.8]. 

Lemma 1.2. Let k be a number field and let X ^ C be an Artin model over C of 
a central simple k{C)-algebra A of squarefree index. Then the map (6) induces an 
isomorphism Ker$o = Ker7. 

Proof. See Corollary 3.9 and Proposition 4.1 of [6]. □ 
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2. The proofs. 

In this Section we establish the main results of the paper. We keep the notations 
and hypotheses introduced in the previous Section. 

Lemma 2.1. Let A be a central simple k{C)-algebra of squarefree index, letX-^C 
he an Artin model of A over C and let $o be the characteristic map (8). Then the 
natural map 

Ker$o JjKer^o.'u 

V 

is surjective. 

Proof. By Lemma 1.2, it suffices to show that the natural map Ker7 — > 

]^^Ker7^, is surjective. Using a transfer argument analogous to that used in 
[7, pp. 94-95], we may reduce the proof to the case where the fibration X ^ C 
satisfies hypothesis 2.1 of [op.cit.]^. Now recall the set S of primes v of k such 
that CHo{Xy/Cv) ^ 0. Clearly if v ^ S then Ker7„ = Ker$o,i) = 0, whence 
n„Ker7^, = U^^gKerjy. Let {fv)ves e UveS^^^^v- For each v e S, lift fy to 
/„ € kv{C}*^n/K ^-nd choose Zy G Zo{Xy) such that {tTv)*{zv) — divc^fv, where 
TTy = TT iSik ky. Then Lemma 3.3 of [7] (which may be applied since X ^ C was 
assumed to satisfy hypothesis 2.1 of [op.cit.]), with y = 0, = 1 e E*/k*NF*, 
fzv,y = fv fo'^ V G S and fz^^y = 1 for v ^ S, asserts the existence of an element 
g e Ker7 which maps to {fy)ves, as desired (see Remark 2.2 below). □ 

Remark 2.2. Regarding the proof of the lemma, the following comment is in 
order. The element g € k{C)*/k* whose existence is asserted by Lemma 3.3 of 
[7] may be chosen so that it specializes to the given rj G E* /k*NF* . This follows 
from the fact that the function h € k{C)* which appears in the proof of that lemma 
[op.cit.], p. 94, line 16, and whose existence is asserted by Proposition 1.4 of [op.cit.], 
may be chosen so that it specializes to ij', as follows from the proof of Proposition 
1.4 of [op.cit.]. See [op.cit.], p. 90, line 9. 

Lemma 2.3. Let A be a central simple k{C)-algebra of squarefree index, let X ^ C 
be an Artin model of A over C and let $o be the characteristic map (8). Then the 
natural map 

Coker $o ^ Coker $o,u 

V 

is injective. 

Proof. As in the proof of Lemma 2.1, a transfer argument analogous to that used 
in [7, pp. 94-95] enables us to reduce the proof to the case where X — > C satisfies 
hypothesis 2.1 of [7]'*. Let a G H^{k,Tf)) be such that res„(a) € lm^o,v for every 
prime v of k, where res^ : H^{k, To) H^{ky,To) is the natural restriction map. For 
each V, choose Zy G Ker[(7r„)* : Zo{Xy) — > CHo{Cy)] such that res„(a) = $o,D([^t)])) 

''With the notations of [op.cit.], the cokernel of Ker7 — » Yi „Ker7i, is annihilated by multipli- 
cation by the index of X — > C as well as by [Mi : fc] for each i if the assertion of the lemma is true 
for the fibration Xj^i Cf^i of [op.cit.], p. 94, line -1. This immediately yields the surjectivity 
of Ker 7 — » Ker jy . 

*The essential fact again is that, for any (Galois) extension M/k, the kernel of the map 
Coker ^>o — » Coker $o,M induced by the restriction map is annihilated both by multiplication by 
[M : k] and by multiplication by the index of X C. 
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where [zy] denotes the class of in CHo(X^/Ct,). Further, let /„ G kv{C)*/k* be 
such that (7r^)*(2„) = divc„(/-!,)- Now let rj = 5~^{a) e E*/k*NF*, where S is the 
map (5). For each v, the commutativity of diagram (9) (over ky) shows that fy 
specializes to S~^{^o,v{[zv])), where Sy is the map (5) for ky, i.e., to the image of 
T] in E* /k*NF* . Now Lemma 3.3 of [7], with y = and rj as above, asserts the 
existence of elements g G k{C)'^^/ k*'NTdA* and z e Zo{X) such that g specializes 
to rj (sec Remark 2.2 above) and ^'([-z]) = g, where ^ is the map (6). It follows 
that S~^{a) = 5~^{^o{[z])) (see diagram (9)), whence a = ^o{[z]). This completes 
the proof. □ 

Remark 2.4. In the case of conic bundles. Lemmas 2.1 and 2.3 are immediate 
consequences of Theorem 1.3 of [3] (to obtain Lemma 2.1 from loc.cit., set a = 
there). This observation was the starting point of this paper. 

We can now state our main result. 

Theorem 2.5. Let k be a numher field, let X ^ C he a Severi-Brauer k-fibration 
of squarefree index and let $0 be the characteristic map (8). Then there exists a 
natural exact sequence 



ni(Ker$o) mCHo{X/C) m\T) 0, 



where T is the Neron-Severi torus of X. 

Proof. Assume first that X ^ C is the Artin model of a central simple k{C)- 
algebra A of squarefree index. There exists a natural exact commutative diagram 

> Ker$o > CHq{X/C) > Im$o > 



nKer$o,« > llCHo{Xy/Cy) > U^m^o,v 



Applying the snake lemma to the above diagram and using Lemma 2.1, we obtain 
an exact sequence ^ ni(Ker$o) ^ mCHo{X/C) -» m(Im$o) ^ 0. On the 
other hand, the commutativity of the natural diagram 

> Im$o > H\k,To) > Coker$o > 

J, J, J, 

^ nim$o,« ^ X{H\ky,To) . nCoker$o,« . 



together with Lemmas 2.3 and 1.1 yield a natural isomorphism III(Im$o) = 
in^(T). This completes the proof when X ^ C is an Artin model as above. 

The general case may be deduced from the preceding one by using the birational 
invariance of the groups \RCHn{X/C) and \R\T). □ 

By an example of V.Suresh [11], the group III(Ker$o) appearing in the statement 
of the theorem need not vanish. We will now study this group and find conditions 
under which it vanishes (see Theorem 2.8 below). 
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There exists a natural exact commutative diagram 
— > k*/k*nNrdA* — > k{C%^/NvdA* — » k{C% J k* Nid A* — > 

7o| 7] ^1 (10) 







k*/k*r\NF* 



E*/NF* 



E*/k*NF* 



0, 



where 70 is induced by the identity on k* and 7 and 7 and induced by specializa- 
tion. Since 70 is surjective, the snake lemma applied to (10) yields a natural exact 
sequence 

— *■ Ker7o — » Ker7 Ker7 — > 0. (11) 

Note that Ker7o is canonically isomorphic to k* fl {Cii^iNiL^) /k* D Nrd^*. 

Now there exist sequences analogous to (11) over k^ for every prime v of k, and 
we have a natural exact commutative diagram 











Ker7o 



Ker7 



nKer7o,„ — > nKer7„ 



Ker7 



n Ker7„ 







0. 



(12) 



We now have^ 
Lemma 2.6. The canonical map 



Ker 7 — * JJ Ker 7^ 



is injective. 

Proof. P.Salberger (see [6, Proposition 4.4]) has shown that, over any field k 
of characteristic 0, there exists a canonical injection Ker7 ^ H^j.(^k{C)/C, iJ,^"^) , 
where 



F3^(A:(C)/C,Mr) =Ker 



ij3(A:(C),/.f ) ^ H\k{P),i,n) 
PeCo 



Here, for each P e Co, H^{k{C), ^i®"^) — » H'^{k{P), fXn) is the natural residue 
map. On the other hand, a well-known theorem of K.Kato [9, §4], asserts that the 
canonical map 



Hl{kiC)/C,„^') ^^Hl{k,{C)/C,,nr) 

V 



is an isomorphism, whence the lemma follows. □ 

^One of the referees informed us that this result, as well as Proposition 2.7 and Theorem 2.9 
below, have been known to the specialists in this area for quite some time. Unfortunately, we 
have been unable to find appropriate references for them and therefore provide the corresponding 
proofs. 
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Wc now apply the snake lemma to diagram (12) and use the preceding lemma 
together with Lemma 1.2^ to obtain the following result 

Proposition 2.7. Let k be a number field, let X ^ C be a Severi-Brauer k- 
fibration of squarefree index and let $o be the characteristic map (8). Then there 
exists a canonical injection 



m(Ker$o) ^ Coker 



Ker7o ]^Ker7o,„ 



where 70 is the map in diagram, (10). □ 

Theorem 2.8. Let k be a number field, let X ^ C be a Severi-Brauer k-fibration 
of squarefree index with associated central simple k{C)-algebra A, and let $0 be the 

characteristic map (8). Further, let S' be the set of primes of k consisting of the 
real primes and the primes of bad reduction for C . Assume that 

k* n {CiieiNi^yLU =k*n Nvd Al for all v e S'. 

Then the natural map Ker$o Ker^o.v is injective. Consequently, there exists 

a canonical isomorphism 

mCHo{X/C) = m\T). 



Proof Let S' be as in the statement. Then H^^{ky{C)/Cy, n^'^) = for v ^ S'. 
See [9, Corollary 2.9] and note that ky{C) has cohomological dimension 1 if ?; 
is complex. Now the proof of Lemma 2.6 shows that Ker7t,, and therefore also 
Ker7o,„ (see (11)), vanishes ii v ^ S' . On the other hand, the hypothesis implies 
that Ker7o,,; = for w e S' . We conclude that Ker-yo,,, = 0, and the theorem 
now follows from Theorem 2.4 and Proposition 2.7. □ 

The next result gives conditions under which the full group Ker$o (and not just 

its subgroup III(Ker$o)) vanishes. 

Theorem 2.9. Let k be a number field, let A be a central simple k{C)-algebra of 
squarefree index n and let X ^ C be an Artin model of A over C. Assume that 
the following conditions hold: 

i) either k is totally imaginary or n is odd, and 

ii) C acquires good reduction at all primes over an extension of k of degree 
prime to n. 

Then the characteristic map ^0' CHq{X/C) — > H^{k,To) is injective. 

Proof. Assume first that C has good reduction at all primes of k. Then 
H^^[ky{C)/Cy,iJL®^) = for all non-archimedean v. See [9, Corollary 2.9]. We 
conclude (cf. proof of Lemma 2.6) that Ker-y^ = for all such v. The same con- 
clusion holds if w is a complex prime (cf. proof of Theorem 2.8). If fc„ ~ R, then 
if^j.(fc^(C)/C^, /x®^) is annihilated by multiplication by 2 as well as by multiplica- 
tion by n, so (i) shows that this group is zero as well. We conclude that Ker7„ = 
for all V, whence Ker7 = by Lemma 2.6. Now (11) shows that Ker7 = 0, and 



®As well as a "birational invariance" argument as in the proof of Theorem 2.4. 
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Lemma 1.2 completes the proof in this case. Now let M bo an extension of k of 
degree prime to n over which C acquires good reduction at all primes. The first 
part of the proof shows that H^^{Mw{C) / Cw, IJ'®^) = for all primes w of M, 
where Cw = C ®k Mw On the other hand, if v is a prime of k and w is a prime of 
M lying above v, the kernel of the restriction map 

Hl{k,{C)/C,,f,^^) ^ Hl{M^{C)/C^,t,f) 

is annihilated by multiplication by [M: k] as well as by multiplication by n. We 
conclude that H^^(^ky{C)/Cy, fj,'^^) = for all v, and the proof goes through as 
before. □ 

Now let BrX/BrC denote BrX/7r*BrC. Combining Theorem 0.4 of [7]'^ (which 
yields the last three terms of the exact sequence appearing in the next Corollary) 
and Theorem 2.4, Theorem 2.9 and a "birational invariance" argument, we obtain 

Corollary 2.10. Let k be a number field and let X ^ C be a Severi-Brauer k- 
fibration of squarefree index n. Assume that the following conditions hold: 

i) either k is totally imaginary or n is odd, and 

ii) C acquires good reduction at all primes over an extension of k of degree 

prime to n. 

Then there exists a natural exact sequence 

^ m\T) CHo{X/C) CHo{Xy/Cy) Hom(BrX/BrC, Q/Z), 

V 

where T is the Neron-Severi torus of X . 

When C = P^, hypothesis (i) in the statement of Corollary 2.10 may be replaced 
by the condition: ^ for every real prime v of A;" (see [6, Corollary 4.6]). 

Further, BrX/BrC = H^{k,^S{X)) (see, for example, [3, p.ll6]). Thus, we have 
the following generalization of a well-known theorem of P.Salberger [10, Theorem 
7.5, p.520]. 

Corollary 2.11. Let k be a number field and let X — > be a Severi-Brauer k- 
fibration of squarefree index. Assume that X{ky) ^ for every real prime v of k. 
Then there exists a natural exact sequence 

^ m\T) ^ ^o(^) ^ AoiXy) ^ Rom{H\k, NS{X)) , Q/Z) , 

V 

where T is the Neron-Severi torus of X. □ 
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